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Abstract 
 
   The evolution of entanglement in a 3-spin chain with nearest-neighbor Heisenberg-XY 
interactions for different initial states is investigated here. In an NMR experimental 
implementation, we generate multipartite entangled states starting from initial separable pseudo-
pure states by simulating nearest-neighbor XY interactions in a 3-spin linear chain of nuclear 
spin qubits. For simulating XY interactions, we follow algebraic method of Zhang et al. [Phys. 
Rev. A 72, 012331 (2005)]. Bell state between end qubits has been generated by using only the 
unitary evolution of the XY Hamiltonian. For generating W-state and GHZ-state a single qubit 
rotation is applied on second and all the three qubits respectively after the unitary evolution of 
the XY Hamiltonian. 
 
I. Introduction 
 
   Entanglement is a potentially useful and key resource behind the power of quantum 
information science [1,2]. Quantum algorithms such as Deutsch-Jozsa, Grover’s and Shor's 
algorithm out perform their classical counterparts [1]. In quantum communication protocols such 
as quantum cryptography and quantum teleportation, entangled states are distributed between 
distant locations to transfer quantum information [1,2]. The generation of entanglement between 
qubits has been realized by various experimental techniques [3-7]. It is well known, that any 
entangling two-qubit gate is universal for quantum computation, when assisted by single qubit 
operations [8]. In general, direct interactions between qubits are used to generate entanglement. 
However, in a large qubit system with short range interactions, direct interaction between qubits 
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decays rapidly with distance. In such a scenario, it is important to consider generating 
entanglement between qubits which are not directly coupled. 
 
   The most direct method of generating entanglement between indirectly coupled qubits is based 
on SWAP operations. This method involves, generating entanglement between directly coupled 
qubits and then transfer this entanglement to the desired qubits by a series of SWAP operations 
between neighboring qubits. However, this method requires the ability to modulate the strength 
or nature of interactions between pairs of neighboring qubits in time. In other words, this method 
would require control fields on the system varying over the scale of the spacing between the 
qubits. In a large spin system, this method could be complicated as controlling individual qubits 
would be difficult in most of the current experimental techniques used in quantum information 
processing (QIP). Also, this method is more susceptible to errors because each external control 
can induce errors and the number of such controls increases with the number of qubits. One 
possible alternative to the above method is the use of flying or mobile qubits [9]. In this 
approach, entanglement is first generated between the flying qubit and one of the two qubits 
which are to be entangled. This flying qubit then traverses through a channel and reaches the 
desired location, where its state is mapped onto the second qubit [9]. This approach would also 
be complicated as it could involve interfacing between different physical systems such as 
stationary spins and photons or stationary and mobile spins. Under these circumstances it is very 
useful to have alternative to the above methods which uses minimal external control. Spin chains 
are one such possible alternative [9]. 
 
   Recently spin chains are proposed as short distance communication channels for connecting 
registers of a quantum computer [10]. In that paper, quantum state transfer is achieved from one 
end of the spin chain to the other end purely through the natural dynamical evolution of 
Heisenberg interaction. Since then, many interesting protocols for quantum state transfer and 
entanglement transfer in spin chains have been proposed [9,11-14]. Some of these proposals 
have been verified experimentally by simulating the spin chains in a nuclear magnetic resonance 
quantum simulator [15-18]. The dynamics of entanglement in XY and Ising spin chains have 
also been studied [19-22]. Spin chains were also proposed for entanglement generation and 
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distribution [9,23]. Quantum computation using permanently coupled spin chains has been 
suggested [9,24-26].  
 
   In this paper we focus on the dynamics of entanglement in a 3-spin linear chain with nearest-
neighbor Heisenberg-XY interactions. We present an NMR experimental implementation of 
generation of multipartite entangled states (MES) starting from separable pseudo-pure states by 
simulating XY interactions in a linear chain of 3-nuclear spin qubits. Though, NMR 
experimental realizations of quantum state transfer (QST) have been reported [15-18], to the best 
of our knowledge this is the first experimental realization of generating MES in spin chains. In 
this work, Bell state between end qubits has been generated using only the unitary evolution of 
the XY Hamiltonian. For generating W-state and GHZ-state a single qubit rotation is applied on 
second and all the three qubits respectively after the unitary evolution of the XY Hamiltonian. 
For simulating XY interactions we followed the algebraic method of Zhang et al. [15]. Initial 
pseudo-pure states were also created using only nearest-neighbor interactions. Section II of this 
paper describes Heisenberg-XY interactions and the dynamics of entanglement in a 3-spin chain 
with nearest-neighbor XY interactions and section III describes NMR experimental 
implementation of preparation of pseudo-pure states and generation of MES using nearest-
neighbor interactions. 
 
II. Heisenberg-XY interaction 
 
(i) System and Hamiltonian 
 
   The Hamiltonian of a linear spin chain with nearest-neighbor (NN) Heisenberg-XY 
interactions is given by [11], 
 
 ܪேே௑௒ ൌ ෍ ܬ௜2 ൫ߪ௫
௜ߪ௫௜ାଵ ൅ ߪ௬௜ߪ௬௜ାଵ൯
ேିଵ
௜ୀଵ
ൌ ෍ ܬ௜൫ߪା௜ ߪ௜ିାଵ ൅ ߪ௜ି ߪା௜ାଵ൯
ேିଵ
௜ୀଵ
, (1) 
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Where ߪ௫/௬௜  are the Pauli spin matrices, ߪା/ି௜  are the raising and lowering operators, and ܬ௜ is the 
coupling between spins i and i+1. These Heisenberg-XY interactions can be used to transfer 
quantum states, distribute and generate entanglement over the spin chain with minimal external 
control of the qubits [9,11,12]. 
 
   The Hamiltonian of a 3-spin linear chain with equal nearest-neighbor Heisenberg-XY 
interactions can be written as, 
 
 ܪேே௑௒ ൌ ଵଶ	ܬ൫ߪ௫ଵߪ௫ଶ ൅ ߪ௬ଵߪ௬ଶ ൅ ߪ௫ଶߪ௫ଷ ൅ ߪ௬ଶߪ௬ଷ൯. (2) 
 
The unitary operator corresponding to the Hamiltonian given in equation (2) is given by, 
 
 ܷሺݐሻ ൌ expሺെ݅ܪேே௑௒ݐሻ ൌ expቆെ݅ ܬݐ2 ൫ߪ௫
ଵߪ௫ଶ ൅ ߪ௬ଵߪ௬ଶ ൅ ߪ௫ଶߪ௫ଷ ൅ ߪ௬ଶߪ௬ଷ൯ቇ. (3) 
 
By using the commutation relation ൣ൫ߪ௫ଵߪ௫ଶ ൅ ߪ௬ଶߪ௬ଷ൯, ሺߪ௬ଵߪ௬ଶ ൅ ߪ௫ଶߪ௫ଷሻ൧ ൌ 0, the above equation 
can be written as [15], 
 
ܷሺݐሻ ൌ expቆെ݅ ܬݐ2 ൫ߪ௫
ଵߪ௫ଶ ൅ ߪ௬ଶߪ௬ଷ൯ቇ expቆെ݅ ܬݐ2 ൫ߪ௬
ଵߪ௬ଶ ൅ ߪ௫ଶߪ௫ଷ൯ቇ 	
ൌ ቂcosሺ߮ሻ ܫ െ ௜√ଶ sinሺ߮ሻ ൫ߪ௫ଵߪ௫ଶ ൅ ߪ௬ଶߪ௬ଷ൯ቃ ቂcosሺ߮ሻ ܫ െ
௜
√ଶsin	ሺ߮ሻ൫ߪ௬ଵߪ௬ଶ ൅ ߪ௫ଶߪ௫ଷ൯ቃ, 
 
where ߮ ൌ ܬݐ √2⁄ . The matrix form of the above unitary operator is given by [15], 
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ܷሺݐሻ ൌ
ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ1 0 0 0 0 0 0 00 cosଶ ߮ െ ೔√మsin	ሺ2߮ሻ 0 െ sinଶ ߮ 0 0 0
0 െ ೔√మsin	ሺ2߮ሻ cos	ሺ2߮ሻ 0 െ ೔√మsin	ሺ2߮ሻ 0 0 0
0 0 0 cosଶ ߮ 0 െ ೔√మsin	ሺ2߮ሻ െ sinଶ ߮ 0
0 െ sinଶ ߮ െ ೔√మsin	ሺ2߮ሻ 0 cosଶ ߮ 0 0 0
0 0 0 െ ೔√మsin	ሺ2߮ሻ 0 cos	ሺ2߮ሻ െ ೔√మsin	ሺ2߮ሻ 0
0 0 0 െ sinଶ ߮ 0 െ ೔√మsin	ሺ2߮ሻ cosଶ ߮ 0
0 0 0 0 0 0 0 1ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې
 , 
                                                                                                                                                     (4) 
            
where the states are ordered as |000ۧ, |001ۧ, |010ۧ, |011ۧ, |100ۧ, |101ۧ, |110ۧ,	|111ۧ. By 
choosing appropriate ߮, the operator ܷሺݐሻ can perform various useful operations such as, state 
transfer and creation of entanglement. The latter is discussed below. 
 
(ii) Entanglement measures 
 
    In a pure three qubit system, the following measures of entanglement are commonly used - the 
concurrence between two qubits, the concurrence between a qubit and rest of the system, and a 
measure of an intrinsic three partite entanglement [27]. 
 
   The concurrence, which is a measure of the bipartite entanglement between two qubits, can be 
written as [28], 
 
 ܥ௜௝ ൌ maxሼߣଵ െ ߣଶ െ ߣଷ െ ߣସ, 0ሽ, (5) 
 
where ߣఈ	ሺߙ ൌ 1, 2, 3, 4ሻ are the square roots of the eigen values of ߷௜௝߷పఫ෦  in decreasing order, 
߷௜௝ is the reduced density matrix for the two qubits i and j and ߷పఫ෦  is a spin flipped version of the 
density matrix ߷௜௝, i.e., ߷పఫ෦ ൌ ߪ௬⨂ߪ௬	߷௜௝∗ 	ߪ௬⨂ߪ௬. The concurrence is directly related to the 
entanglement of formation [28]. The minimal value of concurrence is zero, which means, the 
states of the two qubits are separable. For any value of concurrence greater than zero, the two 
6 
 
qubits are entangled. The maximal value of concurrence is one, which means the states of the 
two qubits are maximally entangled and are locally unitary equivalent to Bell states [28]. 
 
   In a tripartite system, the concurrence between a qubit i and rest of the system (jk) can be 
written as [29],  
 
 ܥ௜ሺ௝௞ሻ ൌ ሾ2ሺ1 െ ܶݎሺߩ௜ଶሻሿଵ/ଶ, (6) 
 
where ߩ௜ is the reduced density operator for the qubit i. 
 
   Finally, the intrinsic three qubit entanglement, which is defined for pure states can be written 
as [27], 
 
 ܥ௜௝௞ ൌ ܥ௜ሺ௝௞ሻଶ െ ܥ௜௝ଶ െ ܥ௜௞ଶ . (7) 
 
For tripartite entangled GHZ and W-states, the intrinsic three qubit entanglement ܥ௜௝௞ 
is one and zero respectively. On the other hand, the concurrence (bipartite entanglement) 
between pairs of qubits is zero for GHZ state and 2/3 for W-state.  
 
(iii) Entanglement dynamics 
 
   We first study the evolution of entanglement in a three spin chain with nearest-neighbor XY 
interactions, starting from the initial separable pure states. For the ferromagnetic pure states 
|000ۧ and |111ۧ, no entanglement is generated during the unitary evolution, as these are the 
eigen states of the XY-Hamiltonian. For the states |010ۧ and |101ۧ, where the state of the middle 
qubit is reversed from the state of the end qubits, the dynamics of entanglement during the 
unitary evolution is shown in Fig. 1(a). The concurrence between qubits 1 and 3, ܥଵଷ, reaches its 
maximum value of 1 at points ߮ ൌ ሺ2݊ ൅ 1ሻߨ/4, where ݊ ൌ 0, 1, 2	.		.		.		..  
 
 ܷ ቀ గଶ√ଶ௃ቁ |010ۧ ൌ െ
௜
√ଶሺ|001ۧ ൅ |100ۧሻ, (8) 
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 ܷ ቀ గଶ√ଶ௃ቁ |101ۧ ൌ െ
௜
√ଶሺ|011ۧ ൅ |110ۧሻ. (9) 
 
In the above equations the 1st and 3rd qubits are in the Bell state ቂ భ√మሺ|01ۧ ൅ |10ۧሻቃ and the second 
qubit is in the state |0ۧ or |1ۧ depending upon the initial state. Thus, a Bell state between end 
qubits can be generated starting from the initial separable states using only the natural dynamical 
evolution of the nearest-neighbor XY Hamiltonian. The concurrence between qubits 1 and 2, 
ܥଵଶ, reaches a maximum value of 1 √2⁄  at points ߮ ൌ ሺ2݊ ൅ 1ሻߨ 8⁄ , where ݊ ൌ 0, 1, 2	.		.		.		.. No 
intrinsic tripartite entanglement ܥଵଶଷ is generated during the unitary evolution for the initial 
states |010ۧ and |101ۧ. When the initial state |101ۧ is evolved under ܷሺݐሻ, for a time ݐ ൌ
ሺtanିଵ √2ሻ √2ܬൗ  ሺ߮ ൌ ߨ 6.577ሻ⁄ , we obtain, 
 
 ܷ ቀ୲ୟ୬షభ √ଶ√ଶ௃ ቁ |101ۧ ൌ
ଵ
√ଷሺ|101ۧ െ ݅|011ۧ െ ݅|110ۧሻ. (10) 
 
After applying a ߨ 2⁄  phase gate on the second qubit, the above state becomes ቂ భ√యሺ|101ۧ ൅
|011ۧ ൅ |110ۧሻቃ, which is a W-state. The unitary evolution of the initial equal superposition state 
ቂ భ√మሺ|0ۧ ൅ |1ۧሻ⨂ భ√మሺ|0ۧ ൅ |1ۧሻ⨂ భ√మሺ|0ۧ ൅ |1ۧሻቃ is shown in Fig. 1(b). The concurrence between 
qubits 1 and 3, ܥଵଷ, is zero during the unitary evolution for this initial state. The intrinsic three 
partite entanglement ܥଵଶଷ reaches its maximum value of 1 at ߮ ൌ ߨ 2⁄ . This corresponds to the 
state ቂ భ√ఴሺ|000ۧ െ |001ۧ െ |010ۧ െ |011ۧ െ |100ۧ െ |101ۧ െ |110ۧ ൅ |111ۧሻቃ. A ߨ 2⁄  X-
rotation of all the three qubits converts this state into a state ቂ భ√మሺ|000ۧ ൅ |111ۧሻቃ, which is a 
GHZ state. Thus, tripartite entangled states, W and GHZ states can be generated from the initial 
separable states by applying a single qubit rotation of the middle qubit and all the qubits 
respectively, after the unitary evolution of the nearest-neighbor XY Hamiltonian. The evolution 
of entanglement for the initial states |001ۧ, |110ۧ and |011ۧ, |100ۧ is also shown in the Figs. 
1(c) and 1(d). The evolution of ܥଵሺଶଷሻ reaches its maximum value of 1 at different values of ߮ for 
different initial states as shown in Fig. 1.  
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   The following section contains experimental NMR implementation of the generation of the 
entangled states discussed above. 
 
III. Experimental Implementation 
 
   The spin system chosen for the experimental implementation is 13C labeled dibromo-fluoro-
methane (13CHFBr2), where 1H, 13C and 19F act as three qubits. The chemical structure of the 
molecule, the J-couplings and the equilibrium spectra are shown in Fig. 2. The molecule was 
synthesized in our laboratory following reported synthesis in literature [30,31]. This unique 
molecule has very large one-bond J-couplings between nearest neighbors, resulting very small 
gate times (~ 3 to 5 msec), much less than the coherence times of each qubit. The experiments 
have been carried out at a temperature of 300K in 11.7 Tesla magnetic fields on an AV 500 
spectrometer using a triple resonance QXI-probe. The 1H, 13C and 19F resonance frequencies at 
this field are 500 MHz, 125 MHz and 470 MHz respectively. The scalar couplings between spins 
are ܬு஼ ൌ 224.5	ܪݖ, ܬ஼ி ൌ െ310.9	ܪݖ and ܬுி ൌ 49.7	ܪݖ. The measured relaxation times are 
T1(H)=6.7 sec, T1(C)=1.9 sec, T1(F)=4.0 sec, T2(H)=1400 msec, T2(C)=710 msec and T2(F)=700 
msec. 
 
   In the three qubit spin chain we label, qubit 1=1H, qubit 2=13C and qubit 3=19F. In the molecule 
13CHFBr2, all the three couplings ሺܬଵଶ, ܬଶଷ, ܬଵଷሻ are present. However, the coupling ‘ܬଵଷ’ has 
been refocused during the total time of all the experiments, thus retaining only the nearest-
neighbor couplings. 
 
   In the triply rotating frame-resonance (with ON resonance observation of all the three spins), 
the NMR Hamiltonian of the three qubit system, where the interaction between qubits is 
restricted to the nearest neighbors only, is given by, 
 
 ܪேெோ ൌ గଶ ܬଵଶߪ௭ଵߪ௭ଶ ൅
గ
ଶ ܬଶଷߪ௭ଶߪ௭ଷ. (11) 
 
 
9 
 
(i) Preparation of Pseudo-Pure states (PPS) 
  
   In liquid state room temperature NMR, it is well known, that since preparation of a pure state 
requires extreme conditions, a pseudo pure state is prepared that mimics a pure state [4,32]. The 
equilibrium deviation density matrix under high temperature and high field approximation, is in a 
highly mixed state, which can be represented by [33], 
 
 Δߩ௘௤ ∝ ߛଵߪ௭ଵ ൅ ߛଶߪ௭ଶ ൅ ߛଷߪ௭ଷ ൌ ߛଵሺߪ௭ଵ ൅ 0.25ߪ௭ଶ ൅ 0.94ߪ௭ଷሻ, (12) 
 
where ߛଵ, ߛଶ and ߛଷ are the gyromagnetic ratios of 1H, 13C and 19F respectively. The initial 
pseudo-pure state |000ۧ was prepared from the equilibrium density matrix ߩ௘௤ by the spatial 
averaging method [34]. The |000ۧ PPS is obtained in terms of product of operators as [31], 
 
 ߩ|଴଴଴ۧ௉௉ௌ ൌ
ߛଵ
4 ሺߪ௭
ଵ ൅ ߪ௭ଶ ൅ ߪ௭ଷ ൅ 2ߪ௭ଵߪ௭ଶ ൅ 2ߪ௭ଶߪ௭ଷ ൅ 2ߪ௭ଵߪ௭ଷ ൅ 4ߪ௭ଵߪ௭ଶߪ௭ଷሻ. (13) 
 
The radio frequency and magnetic field gradient pulses, shown in Fig. 3(a) transform the spin 
system from the equilibrium state to |000ۧ pseudo-pure state, using only the nearest-neighbor 
couplings. It may be noted that earlier we have created PPS in this spin system using all the three 
couplings [31]. However, in the present case we have used only the nearest-neighbor couplings 
necessitating an additional evolution period. The other PPSs can easily be created from |000ۧ 
PPS by spin selective ሺߨሻ௫ pulses, for example |000ۧ గ
భೣ
ሱሮ	|100ۧ గ
మೣ
ሱሮ	|110ۧ గ
యೣ
ሱሮ	|111ۧ. The real part 
of the experimentally determined density matrix for the |010ۧ PPS is shown in Fig. 4. The 
fidelity of the PPSs was calculated by the formula [35], 
 
 ܨሺߩ௧௛, ߩ௘௫ሻ ൌ ܶݎሺߩ௧௛ߩ௘௫ሻඥܶݎሺߩ௧௛ଶ ሻ ܶݎሺߩ௘௫ଶ ሻ
, (14) 
 
where, ߩ௧௛ is theoretically expected density matrix and ߩ௘௫ is experimentally obtained density 
matrix. All  the PPSs created by above method have a fidelity of ൎ 0.99. 
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(ii) Generation of entangled states 
 
   The unitary operator corresponding to nearest-neighbor Heisenberg-XY interaction in a 3-spin 
chain (equation (3)) can be written as,  
 
 ܷ൫√2߮ ܬൗ ൯ ൌ exp ൬െ ݅߮√2 ሺߪ௫
ଵߪ௫ଶ ൅ ߪ௬ଵߪ௬ଶ ൅ ߪ௫ଶߪ௫ଷ ൅ ߪ௬ଶߪ௬ଷሻ൰. (15) 
 
In the weakly coupled spin system of NMR, the Heisenberg-XY interactions are not present 
directly. The interactions present are the ZZ type interactions. Following the method of Zhang et 
al., the unitary operator in the equation (15) has been simulated using ZZ-interactions and radio-
frequency pulses [15], 
 
ܷ൫√2߮ ܬൗ ൯ ൌ ݁ି௜ሺగ ସ⁄ ሻఙ೤భ	݁௜ሺగ ସ⁄ ሻఙయೣ	൫݁ି௜ሺగ ଼⁄ ሻఙ೥భఙ೥మఙ೥య൯ ݁ି௜ሺగ ସ⁄ ሻఙ೤మ ൫݁ି௜ሺఝሻఙ೥భఙ೥మ൯	݁௜ሺగ ସ⁄ ሻఙ೤మ
ൈ	൫݁௜ሺగ ଼⁄ ሻఙ೥భఙ೥మఙ೥య൯	݁௜ሺగ ସ⁄ ሻఙ೤భ	݁ି௜ሺగ ସ⁄ ሻఙయೣ	݁௜ሺగ ସ⁄ ሻఙభೣ	݁ି௜ሺగ ସ⁄ ሻఙ೤య	൫݁ି௜ሺగ ଼⁄ ሻఙ೥భఙ೥మఙ೥య൯
ൈ	݁ି௜ሺగ ସ⁄ ሻఙ೤మ	൫݁ି௜ሺఝሻఙ೥మఙ೥య൯ ݁௜ሺగ ସ⁄ ሻఙ೤మ ൫݁௜ሺగ ଼⁄ ሻఙ೥భఙ೥మఙ೥య൯ ݁ି௜ሺగ ସ⁄ ሻఙభೣ	݁௜ሺగ ସ⁄ ሻఙ೤య. 
(16)
 
The 3-spin interaction terms in equation (16) can be generated from 2-spin interaction terms and 
radio frequency pulses, following the method of Tseng et al. [36] is obtained as, 
 
 
݁ି௜ሺగ ଼⁄ ሻఙ೥భఙ೥మఙ೥య ൌ ݁ି௜ሺగ ସ⁄ ሻఙమೣ ݁ି௜ሺగ ସ⁄ ሻఙ೥భఙ೥మ ݁ି௜ሺగ ସ⁄ ሻఙ೤మ ݁ି௜ሺగ ଼⁄ ሻఙ೥మఙ೥య 
																																	ൈ ݁ି௜ሺగ ସ⁄ ሻఙ೤మ ݁ି௜ሺగ ସ⁄ ሻఙ೥భఙ೥మ ݁௜ሺగ ଶ⁄ ሻఙ೤మ ݁௜ሺగ ସ⁄ ሻఙమೣ. 
(17) 
 
Single spin rotations, for example ݁ି௜ሺగ ସ⁄ ሻఙమೣ can be implemented by a ߨ 2⁄  pulse on spin 2 with 
phase x. The 2-spin interaction terms, for instance ܷଵଶ ൌ ݁ି௜ሺథሻఙ೥భఙ೥మ can be realized by the pulse 
sequence ߬ 2⁄ െ ሾߨሿଷ െ ߬ 2⁄ െ ሾߨሿଷ, where ߬ ൌ 2߶/ሺߨܬଵଶሻ. Substituting equation (17) into 
equation (16) and after some simplifications, the NMR pulse sequence, corresponding to the 
unitary operator of equation (16) for the generation of entangled states, is given in Fig. 3(b).   
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   To quantitatively evaluate the experimental results, we calculate the attenuated correlation 
[37], given by, 
 
 ܿሺߩ௘௫ሻ ൌ ܶݎሺߩ௧௛ߩ௘௫ሻܶݎሺߩ௧௛ߩ௧௛ሻ , (18) 
 
where,  ߩ௧௛ is the theoretical density matrix obtained after applying ideal transformations to the 
experimental initial density matrix, and ߩ௘௫ is the experimentally determined final density 
matrix. 
 
(a) Bell state on end qubits 
 
   The NMR pulse sequence, shown in Fig. 3(b), with ݀ଵ ൌ 1/2ܬଶଷ and ݀ଶ ൌ 1/2ܬଵଶ, which 
corresponds to ߮ ൌ ߨ 4⁄ , was used to implement the unitary operator of equations (8) and (9).  
This sequence was applied on initial PPSs |010ۧ and |101ۧ to yield Bell state on end qubits with 
middle qubit being in state |0ۧ and |1ۧ respectively. Complete quantum state tomography [38] of 
the final density matrix was performed and the results are shown in Fig. 5(a) and 5(b). These 
results confirm the creation of Bell state on end qubits ቂെ ೔√మሺ|001ۧ ൅ |100ۧሻቃ and ቂെ ೔√మሺ|011ۧ ൅
|110ۧሻቃ with a correlation (c) of ൎ 0.86 and ൎ 0.88 respectively. 
 
(b) W-state 
 
   The application of the NMR pulse sequence, shown in Fig. 3(b), with ݀ଵ ൌ 0.3041 ܬଶଷ⁄  and 
݀ଶ ൌ 0.3041 ܬଵଶ⁄ , which corresponds to ߮ ൌ ߨ 6.577⁄ , on the initial PPS |101ۧ, produces the 
state ቂ భ√యሺ|101ۧ െ ݅|011ۧ െ ݅|110ۧሻቃ. The application of a ߨ 2⁄  phase gate on the second qubit 
yields the desired W-state ቂ భ√యሺ|101ۧ ൅ |011ۧ ൅ |110ۧሻቃ. The phase gate was implemented by a 
ሾߨ 2ሿ⁄  Z-rotation of the second qubit which in turn was implemented by the composite rotation  
ሾߨ 2ሿ⁄ ௒ െ ሾߨ 2ሿ⁄ ௑ െ ሾߨ 2ሿ⁄ ି௒ [33]. Quantum state tomography of the final density matrix was 
performed to confirm the creation of the W-state and is shown in Fig. 5(c). The experimental 
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Pauli set ሬܲԦ [39], whose 64 elements are the expectation values of the three-qubit Pauli operators, 
〈ܮܯܴ〉, where ܮ,ܯ, ܴ ∈ ሼܫ, ߪ௫, ߪ௬, ߪ௭ሽ, for the W-state is also shown in Fig. 6. The correlation 
for the W-state was found to be ܿሺߩ௘௫ௐሻ ൎ 0.89. 
 
(c) GHZ-state 
 
   The equal superposition state ቂ భ√మሺ|0ۧ ൅ |1ۧሻ⨂ భ√మሺ|0ۧ ൅ |1ۧሻ⨂ భ√మሺ|0ۧ ൅ |1ۧሻቃ was created from 
the |000ۧ pseudo-pure state by applying a Hadamard gate on all the three qubits. The Hadamard 
gate was implemented by a ߨ 2⁄  Y-rotation. The application of the NMR pulse sequence, shown 
in Fig. 2(b) with ݀ଵ ൌ 1/ܬଶଷ and ݀ଶ ൌ 1/ܬଵଶ, which corresponds to ߮ ൌ ߨ 2⁄ , on the equal 
superposition state, produces the state ቂ భ√ఴሺ|000ۧ െ |001ۧ െ |010ۧ െ |011ۧ െ |100ۧ െ |101ۧ െ
|110ۧ ൅ |111ۧሻቃ. This state was then converted into the desired GHZ-state ቂ భ√మሺ|000ۧ ൅ |111ۧሻቃ 
by a ߨ 2⁄  X-rotation of all the three qubits. To confirm the creation of GHZ-state, quantum state 
tomography of the final density matrix was performed and the results are shown in the Fig. 5(d). 
The correlation for the GHZ state was found to be ܿሺߩ௘௫ீு௓ሻ ൎ 0.81.  
 
   We also measured experimentally the evolution of the two-body correlation 〈ߪ௫ଵߪ௫ଷ〉 of the end 
qubits under XY Hamiltonian at different times, from ߮ ൌ 0 to ߨ, for the initial pseudo-pure 
state |010ۧ. The result of this measurement is shown in the Fig. 7. As expected, 〈ߪ௫ଵߪ௫ଷ〉 reaches 
maximum at ߮ ൌ ߨ 4⁄  and 3ߨ 4⁄ . Comparing Fig. 7 with Fig. 1(a), the two-body correlation 
〈ߪ௫ଵߪ௫ଷ〉 has a similar behavior to the concurrence ሺܥଵଷሻ between end qubits. 
 
   The loss of correlation between experimental and theoretical density matrices is largely due to 
decoherence and pulse imperfections arising from rf field inhomogeneity. To quantitatively 
evaluate the error due to decoherence, we simulated the experiments, shown in Fig. 5 with the 
measured T1 and T2 using the decoherence model of Vandersypen et al. [40]. The error due to 
decoherence was estimated to be ൎ 6%, that is, cdec ൎ 0.94. 
 
IV. Conclusion 
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   This paper demonstrates experimentally, the generation of multipartite entangled states in a 
linear chain of 3-nuclear spin qubits, by simulating the nearest-neighbor Heisenberg-XY 
interactions in an NMR set up. While extension to larger spin chains would be interesting, 
simulating XY interactions using ZZ interactions and single qubit rotations might need very long 
pulse sequences. The dipolar coupled spin systems, where the XY interactions are naturally 
present may well suit the above purpose. The simulation can be extended to spin chains with 
other type of interactions, for example, Ising or Heisenberg XYZ.  
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FIG. 1. (Color online) Entanglement dynamics in a 3-spin XY chain with nearest-neighbor interactions for 
different initial separable states, (a) |010ۧ and |101ۧ, (b) భ√మሺ|0ۧ ൅ |1ۧሻ⨂ భ√మሺ|0ۧ ൅ |1ۧሻ⨂ భ√మሺ|0ۧ ൅ |1ۧሻ, (c) 
|001ۧ and |110ۧ (d) |011ۧ and |100ۧ. Here, we use three different measures of entanglement, the bipartite 
entanglement, between the first and the last qubit ܥଵଷ (blue solid line), between the first and the second 
qubit ܥଵଶ (violet dashed line), the bipartite entanglement between the first and the remaining two qubits 
ܥଵሺଶଷሻ (green dotted line) , and the intrinsic three partite entanglement ܥଵଶଷ (red dash dotted line). 
FIG. 2. Relevant properties of the molecule 13CHFBr2: The left part shows the chemical structure of the 
molecule and the strengths (in Hz) of the J-couplings between the relevant nuclear spins. The right part 
shows the equilibrium spectra of 1H, 13C and 19F of 13CHFBr2. The label on the top of each transition of a 
qubit represents the state of the other qubits in the transition. 
FIG. 3. (Color online) The NMR pulse sequence for the implementation of the (a) PPS (b) unitary 
operator ܷሺݐሻ of equation (16), which creates the entangled states.  For the creation of Bell state on end 
qubits ݀ଵ ൌ 1 2ܬଶଷ⁄  and ݀ଶ ൌ 1 2ܬଵଶ⁄ , for W-state ݀ଵ ൌ 0.3041 ܬଶଷ⁄  and ݀ଶ ൌ 0.3041 ܬଵଶ⁄ , and for GHZ 
state ݀ଵ ൌ 1 ܬଶଷ⁄  and ݀ଶ ൌ 1 ܬଵଶ⁄ . The empty rectangles represent 180o pulses and the black rectangles 
represent 90o pulses. The flip angle of the other pulses and the relevant phases of all the pulses are also 
written above them. The box with ܷ௜௝ represents the evolution under the J-coupling of spins i and j for a 
time period given in the box. The shaped pulses in (a) along GZ represent Z-gradients, which retain 
longitudinal magnetization at the end of the gradient. 
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FIG. 4. (Color Online) Real part of the experimentally determined density matrix for the initial state 
|010ۧ. The fidelity (equation (14)) was found to be ൎ 0.99 
FIG. 5. (Color online) The tomography of the real and imaginary parts of the experimentally obtained 
density matrices for the states (a) భ√మሺ|001ۧ ൅ |100ۧሻ, (b) భ√మሺ|011ۧ ൅ |110ۧሻ, (c) భ√యሺ|101ۧ ൅
|011ۧ ൅ |110ۧሻ (W-state), (d) భ√మሺ|000ۧ ൅ |111ۧሻ (GHZ-state). 
FIG. 7. The evolution of the two-body correlation 〈ߪ௫ଵߪ௫ଷ〉 of the end qubits under XY Hamiltonian for the 
initial state |010ۧ. The solid line indicates the ideal theoretical expectation and the points indicate the 
measured experimental results.  
FIG. 6. Experimental Pauli set for the state భ√యሺ|101ۧ ൅ |011ۧ ൅ |110ۧሻ. X, Y, Z represent Pauli operators 
and ‘I’ is single qubit identity operator. The trivial 〈ܫܫܫ〉 ൌ 1 is not shown. The theoretically expected value 
for ZII, IZI, IIZ, ZZI, IZZ, ZIZ is -1/3, for XXI, YYI, IXX, IYY, XIX, YIY is 2/3, for XXZ, YYZ, ZXX, 
ZYY, XZX, YZY is -2/3, for ZZZ is 1, and all others are zero.  
 
